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Abstract. Suppose G is a second countable, locally compact, Hausdorff groupoid 
with a fixed left Haar system. Let G^/G denote the orbit space of G and G* (G) 
denote the groupoid C*-algebra. Suppose that the isotropy groups of G are 
amenable. We show that C*(G) is CCR if and only if G^/G is a Ti topolog- 
ical space and all of the isotropy groups are CCR. We also show that G*{G) 
is GCR if and only if G^/G is a To topological space and all of the isotropy 
groups are GCR. 



1. Intorduction 

In this paper we generalize two major classification theorems for transformation 
group C*-algebras to theorems that classify groupoid C*-algebras. We will denote 
a transformation group by C*{H,X) where H is a locally compact group acting 
continuously on the left of the locally compact space X. Specifically, in B , Elliot 
Gootman showed the following: 

Theorem 1.1. Suppose H and X are both second countable. Then C*{H,X) is 
GCR if and only if the orbit space is Tq and every stability group is GCR. 

Dana Williams used a different approach and, in addition to the GCR case, 
considered the case for CCR transformation group C*-algebras. In Tf he proved 
the theorem below. 

Theorem 1.2. Suppose that H and X are both second countable. Suppose also 
that at every point of discontinuity y of the map x Sx, the stability group Sy 
is amenable, then C*{H,X) is CCR if and only if the orbit space is Ti and the 
.stability groups are CCR. 

We will prove analogous results to Theorem 11.11 and Theorem 11.21 for groupoid 
C*-algebras. Like Williams' results, we must still assume that the isotropy groups 
are amenable. Suppose G is a locally compact, Hausdorff, second countable groupoid 
with a fixed left Haar system and C*(G) is the associated groupoid G*-algebra. We 
show that: 

Theorem 1.3. The groupoid C* -algebra C*{G) is CCR if and only if the orbit 
space is Ti and the isotropy groups are CCR. 

Theorem 1.4. The groupoid C* -algebra C*{G) is GCR if and only if the orbit 
.space is Tq and the isotropy groups are GCR. 
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Theorem 11.11 and Theorem 11.21 have been generahzed to principal groupoids in 
[2]. The key to the proof of the CCR result in the principal case has two major com- 
ponents. The first is that every irreducible representation of C*{G) factors through 
Cc(G-p^) for some u € |21 Corollary 3.5]. This result does not require G to be 
principal so we can use it in the more general setting. The second component used 
in the proof of the CCR result is a continuous injection from the orbit space of the 
groupoid G°/G to the spectrum of the associated groupoid G*-algebra C*{G)^. In 
[2], this continuous injection is defined explicitly. However, the map there requires 
G to be principal in order to be a well-defined function. Our goal in this paper is 
to show that there still exists a continuous injection from the orbit space to the 
spectrum in the more general setting. Once we do this, the CCR result will be easy 
to prove. The CCR result will also follow quickly because, as in the principal case, 
we can invoke T, Proposition 5.1]. 

The authors of 10 have also defined a map from G°/G to C*{G)^. Their 
definition assumes the groupoid has abelian isotropy. What we will do is show that 
we can modify this definition and show that this map is a well-defined injection 
without the assumption that the groupoid has abelian isotropy. This is highly 
non-trivial as it involves possibly discontinuous isotropy. In fact, we must invoke 
Renault's Disintegration theorem (14. Theorem 4.2] to show our map gives us a 
bounded operator, which is not needed in the abelian case. Unfortunately, to show 
this map is continuous, we must still require the isotropy groups be amenable. 
In Theorem ll.il Gootman docs not require the amenability condition. Thus, we 
expect it to be superfiuous in the groupoid case, but, with these techniques, we 
have been unsuccessful in eliminating it. 

To define a map from G°/G to C*{G)^, we first show that for each u G G'^, 
we have I"; an irreducible representation in G*(G)^. We will do this by taking 
the trivial representation of the isotropy group G*-algebra G*(G") and induce that 
to a representation of G*(G). To deal with potentially discontinuous isotropy, we 
actually need a bit more. For each u G G", given a subgroup A of G^ and a rep- 
resentation TT of A, we define a representation of G*(G) and denote it Ind(u, A, tt). 
We will then let = Ind(u, G", 1) where 1 is the trivial representation of G^. Once 
we have defined T', we will show that the map from u i-^ is indeed a well-defined, 
continuous, and injective map from G^ /G to G*{G)^ . 



A groupoid G is a small category in which every morphism is invertible. Assume 
that G is second countable, locally compact, Hausdorff and has a fixed left Haar 
system, {A"}„gGO. We define maps r and s from G to G by r{x) = xx~^ and 
s(x) = x~^x. These are the maps Renault calls r and d in |13| . The common image 
of r and s is called the unit space which we denote G°. 

Now consider the vector space Gc(G), the space of continuous functions with 
compact support from G to the complex numbers, C. We can view this space as a 
*-algebra by defining convolution and involution with the formulae: 



2. Preliminaries 
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and 



r(x) = /(x-i). 

We define the groupoid C*-algebra with the following theorem. 
Theorem 2.1. For f G Cc(G), the quantity 

(2.1) 11/11 := sup{||7r(/)|| \ ir is a representation of Cc{G)} 



is finite and defines a C* -norm on Cc{G). The completion of Cc{G) with respect 
to this norm is a C* -algebra, denoted C*{G). 

This theorem can be proven as a result of Renault's Disintegration Theorem |14l 
Theorem 4.2], [SI Theorem 3.23]. The motivating example of a groupoid C*-algebra 
is a transformation group C*-algebra, C*{H,X), defined in [T71 . 

We define the map tt : G ^ G" x by n{x) = {r{x),s{x)). Using tt, we define 
an equivalence relation on G^ and endow the set of equivalence classes with the 
quotient topology. We call this topological space the orbit space of G, denoted 



The isotropy group (also called the stability group) of G at a unit u G G° is 
defined to be G^ := tt~^{u,u). We also define G" := r^^(u) and G„ :— s^^(u). 



The first step in defining a continuous injection from G^ /G to G*(G)^ is to 
define an irreducible representation /" for each unit u ^ G^ . 

Let A be a subgroup of GJJ for some u E G'^ and let /3 be a Haar measure on 
A. When necessary to emphasize the unit, we will sometimes write for A. Our 
goal is to get an induced representation of G*(G) from a representation of C*{A). 
We will do this by showing that Gc{Gu) is a Hilbert G* (yl)-module on which Cc{G) 
acts as adjointable operators. Then we will use Proposition 2.66] to achieve 
the desired result. 

Before we get started, we need the following two technical lemmas. 

Remark 3.1. We need Lemma [3.21 to define Z", and we need Lemma [3.31 to show 
that /" is irreducible. 

Lemma 3.2. Suppose that u G G" and that A C G^ the isotropy group at u G^ , 
and that (3 is a Haar measure on A. 

(1) There is a non-negative, continuous function b on Gu, such that for any 
compact subset K C Gu, the support of b and KA have compact intersec- 



G°/G. 



3. Creating a Hilbert G*(A)-module 



tion, and 



(3.1) 




(2) 



for all 7 G G. 
The formula 



(3.2) 




defines a surjection from Gc{G) onto Gc(G„/A). 
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Proof. 1. The existence of a function b' satisfying all of the conditions of 1 except 
for H3.1|l conies from Lemma 1 on page 96 of [H]. Thus if we define 

Oh) - 

t'iy) 

where b'{j) = J^b'{'ja) df3{a). Notice that b' is everywhere strictly greater than 
zero because tells us that 6' > 0, &' is continuous, and b' is not equal to zero on 
any entire equivalence class. 

2. To see that Q{f) e Cc{Gu/A) for / e CdG), we must show that Q{f) is 
continuous and has compact support. 

First, we will show Q{f) is continuous. It suffices to show that if 7„ converges 
to 7 in Gu then Q{f){in) converges to Q(/)(7). Consider the function e Gc{A) 
defined by 

F^{a) /(7a). 

We claim that converges to F-y in the inductive limit topology on Cc{A). It 
suffices to show that there is a compact set K d A such that supp F^^ is eventually 
contained in K and that F-y^ converges uniformly to F^. 

Since {jn} converges to 7, we can pass to a subsequence, relabel, and assume 
that {7n} € K for some compact set K C Gu- Notice that for every n, 

suppi^^„ ~ {a <E A\ 7„a G supp/} C A'~^(supp/) A = K. 

Also note that K is compact. 

Now we must show that {F^^^ converges to F^ uniformly. Suppose the contrary. 
Let e be given. There exists a sequence {a„} C A so that for every n, 

(3.3) \F^M-Fy{a^)\>e. 

In order for ^A.'6\ to be greater than zero, {a„} C K . Since K is compact, we 
can assume that {a„} converges to some a € K. Notice that {7„a„} converges to 
7a and {70,1} also converges to 7a. Thus we can find N such that if n > the 
following holds: 

< Ifilnan) - fha)\ + 1/(70) - /(7a„)| 

< e 

which is a contradiction. Therefore, {F-y^} converges to F^ uniformly which means 
they converge in the inductive limit topology as claimed. It follows from the con- 
tinuity of integration that {Q{f){in)} converges to Q{f){j). 

To see that suppQ(/) is compact, let 7 £ suppQ(/). Then /(7a) ^ for some 
a. Thus 7a G supp / which means ja € J — supp / n G„, a compact subset of Gu- 
This means that 7 e J A, a compact subset of Gu/A. 

We now must show that Q is surjective. Let h £ Cc{Gu/A). We can extend h 
and view it as a function on G that is constant on orbits and zero elsewhere. Now 
consider the function hb where b is the function from part 1. Notice that 

supp (hb) — supp h n supp b 
= KA n supp b 
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which is compact by part 1. Now we have 

Qihb){j) = / hb{ja) dp{a) 

J A 

= / h{"fa) d(3{a) I b{ja) df3{a) 

J A J A 

Since b{'^a) d(3{a) = 1 for 7, we have 

Q(/i&)(7) = / /i(7o) d(3{a). 

J A 

But h is constant on orbits, so h{'^a) df3{a) — h{j). □ 
Let b' be the function defined in the proof of Lemma [3. 21 Now define 

(3.4) p(7) = / 6'(7a)A(a)-i d/3(a) 

J A 

where 7 G G„ and A is the modular function on A. Notice that the image of 
p(7) > for aU 7 because the modular function is greater than zero, and b' is 
non-ncgaitve and non-zero on each equivalence class. Also 

p(7c) = / b'{-fca)A{a)-^ dp{a) 

J A 

= / 6'(7a)A(c)A(a)-i dp{a) 

J A 

(3.5) = A(c)p(7). 

Lemma 3.3. There is a radon measure a on Gu/A such that 

(3.6) / /(7)P(7) dKil) = [ I fha) d(3{a)da{^) 

Jg^ JG^/AJGl 

for allfeC,{Gu). 

Proof. The Riesz Representation Theorem from [SJ Theorem 7.2] tells us that it 
suffices to show that the equation 

^{Qif)) = I I{l)p{l) dXuil) 

JG^ 

is a well-defined, positive, linear functional on CdGu/A). 

It is clear that a is positive because p is positive. It is also clear that a is linear. 
We must show that a is well-defined. For this, it suffices to show that if 

Qif) = I fiia) dp(a) = 

J A 

for all 7 G Gu, then 

/ /(7)p(7) dA„(7) = 0. 

Let h e Cc{G). Notice that 

(3.7) / h*fdP{a)^ [ [ h{j)f{^-'a) dX^j)dp{a) 
J A JaJg 

= I Hl^') I fM dp{a)d\u{l) = 0. 

JG J A 
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Now let T G Cc{Gu/A) be such that r(7) = 1 for 7 e supp(/). We can define 
such a function and still require it have compact support because the image of the 
compact set, supp /, under the quotient map is compact. Thus the Tietze Extension 
Theorem tells us we can extend this to a function in Cc(G,j/A). 

Now consider 

^(7) = t(7)&(7)p(7)- 

We claim that this function is an element of Cc(G„). To see this, notice that if 
7 e supp h then 

7 e (supp T n supp p) n supp b. 

We know that supp r is compact. Thus supp h is also compact because supp b 
intersected with a compact set is compact by Lemma 13.21 
Also, if 7 e supp / then 

^(70) = r(7)6(7a)p(7a) 
= Kia)p{ia). 

Now define 

/i(7) /i(7-i) 
and notice that h E Cc{G). Thus (|3.7|) implies 



A JG 



= I h* f{a) dl3{a) 

h{l)f{l^'a) dr{j)dp{a) 
h{ai)f{^-^) dX^j)d(3ia) 
h{aj-')f{j) dp{a)d\u{i) 
h{ia-^)f{n) d(3{a)d\u{l) 



A JG 



G J A 



IG J A 

(3.8) = / / 6(7a-i)p(7a-^) d/3(a)/(7) dA„(7), 

JG J A 

where (|3.8|) follows from the fact that 7 £ supp/. Now we get (|3.8ll equal to 
= / / 5(7a-i)A(a-i)p(7) d/3(a)/(7) dX^ij) 

JG J A 



6(7a) d/3(a)p(7)/(7) c?A„ 
/(7)p(7) dK 

as needed. □ 

Now we can begin showing that Cc{Gu) is a Hilbert C*{A) module, where A is 
a subgroup of GJ;J. Define a map p : Cc{Gu) Cc{A) by 

p(/)(a) ^ A(a)-i/2/(a) 

where A is the modular function of A. Recall that for (/>,£,£ Cc{A), 



4>*{a) = A(a~^)(/)(a-i) and 
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Note that p{r) = pUY where /*(7) = for / e Ce(G„). 

We know that there is a one-to-one correspondence between unitary representa- 
tions of A and non-degenerate representations of C*{ A). As is typical, we will not 
distinguish between these representations with our notation. Whether we mean the 
representation of C*{A) or of A should be clear from context. 

Notice that Cc(Gu) is a Cc(G) — Cc{A) bimodule. The space Cc{A) acts on the 
right of Cc{Gu) by the map {g,(j)) ^ g ■ (j) : Cc{Gu) x Cc{A) Cc(G„) defined by 

g-4>{l)= I A{a)-^/^fija)cl>{a-^)dp{a) 

J A 

and Cc{G) acts on the left of Cc(G„) simply by convolution (in G): 

/ • 9{l) =9* fil) 
for g e Cc{Gu) and / G Cc{G). It is routine to verify that 

f ■ {iP * (j)) = {f ■ iP) ■ (j) and 
{f*9)-9 = f-{h-g)- 

Lemma 3.4. The formula 

{f,9)A=p{r*9) 

defines a C* {A)-valued sesquilinear form on Cc{Gu) such that for all f,g& Cc{Gu) 
and 4> S Cc{A) the following conditions hold: 

(1) (/,.9)a = (5,/)a 

(2) {f,g-4>)A = {f,9)A*(i^ 

(3) {f,f)A is a positive element ofC*{A). 

Proof. It is straightforward to check that this map is sesquilinear. 

1. Notice that 

(/,5)A(a) = b(r*5))*(a) 

= A(a-i)p(r*5)(a-i) 

= A(a-i)A(a-i)-V2(/*,^)(a-i) 

= A{a)-'/\f**gr{a) 
= A{a)-'/\g* * f){a) 
= {9,f)A{a). 

2. We see that: 

{f,g)A*(t>ia)= [ {f,g)Airmr-'a)d(}{r) 

J A 

= J^A{r)-'/^f**g{r)^{r-'a) df3{r) 

= [ A(r)-i/2 / f{x)g{x-'^r)(j){r-^a) dX'{x)d(3{r). 

J A Jg 

Working on the right hand side of the equation we want to prove, we get: 
{f,g-^)A{a) = A{a)-'/'{f**{g-^){a) 



8 lisa orloff clark 

Jg 

(3.9) =A(a)-i/2 f f*{x) f A{r)-^^^g{x'^ar)(t){r-^) dX^'ix) 

Jg J a 

multiplying r on the left by we see that equation (|3.9|l is equal to: 
= A(a)-i/2 f f*{x) I A(a-V)-i/2g(x-V)?i((ar)-i) dA"(a;) 

JG J A 

= A(a)-i/2 /" f*{x) f A(a)i/2A(r)-i/25(a;-V)0((r-ia) dA"(a;) 

J A 

= / A(r)-i/2 /■ f*(x)g{x-^r)(j){r-^a) dr{x)d(i{r). 

J A JG 

Thus, 

3. To show positivity, it suffices to show that 

{<{Lf)A)h\h)>Q 

for any irreducible representation vr G C*(A)^. 

Let TT e C*(yl)^. Define a Radon measure /i on A by 

/ </)(a)dMa)= / c^{a){n{a)^\0df3{a) 

J A J A 

= [AM I 

for (/) e Cc{A). Notice that (/> > if and only if 0(a) d/i(a) > for every it € A 
and ^ e Htt- 
Now consider 

{^{{g,f)A)h \h)^ ( {gJ)A{a){{7r{a)h | h) da 

J A 




{9j)A{a) dfi{a) 



= [ A(a)-i/2g* , /(a) d^,{a) 

J A 

= / A(a)-l/2 f g*{^)f{^-\) d\-{j)df,{a) 
J A JG 

= I A{ar'/' f Wr^fil^'o:) dX%^)dti{a). 

J A JG 

We can change 7"^ to 7 by switching the measure from A" to A^ and get: 
= / A(a)-i/2 f ^f{ja) dK{^)d^x{a) 

J A JG 

= [ A(a)-i/2 f -^)J[^a) [ 6(7i) d/3(t) dK{l)dfiia) 

JA JG JA 

where b is from Lemma lX^ so that b{'~ft) d(3{t) = 1 for all 7 e G^. Using Fubini's 
theorem, we get this equal to 

= / A(a)-i/2 / / ^fha)b{jt) dK{j)dmMa) 

J A JAJG 
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= / A(a)-i/2 f f ^tr^)fij-'a)bij-H) dA"(7)d/3(t)dM(a). 

J A J A Jg 

Since t G A C G^', we can multiply 7 on the left by t^^ to see that this is equal to 
= / A(a)-i/2 f f g{j-it-i)f{^-h-^a)b{j-') dX"{j)dP{t)df,{a) 

J A J A JG 

= [ A(a)-i/2 / / ^{^f{jt-'a)b{j) dX^{j)dmdKa) 
J A JaJg 

= I Hi) I [ ^ht=^A{a)-'/'f{jt-'a) dmdK<^)d\u{l) 

JG JAJA 

(3.10) = / 6(7) / / A(a)-i/2^C^/(7i-ia) d/3(t)d/i(a)dA„(7). 

JG JAJA 

Recall that A{t^^t) = A(e) = 1. So we have eauation l3.10l 

- / 6(7) / / A{t-H)A{a)-'/'^(^f{jt-'a) dmdKa)dXu{l) 

JG JAJA 

= f 6(7) / / A(t-i)A(t)i/2^(:^A(f-i)-i/2A(a)-i/2/(7t-^a) d/3(t)dM(a)dA„(7) 

JG JAJA 

(3.11) 

= / 6(7) / / Ait-')A{ty/'^{^)A{t-'a)-'/'f{jt-'a) dp{t)df,(a)dX^{j). 

JG JAJA 

Now define g-y, G Cc{A) by 

5^(a) = A(a)-i/2g(7a) and 
Ma) ^ A(a)-i/V(7«). 

Also notice that 

g;{t) = A(t-i)^;(F^ 

= A(t-i)A(t)i/2^(^. 

where we are viewing p{g-y) as an element of C*{A). 
Thus, equation (|3.11() is equal to 

= / Hi) I I g;{t)Mt-'a) dp{t)dfi{a)dK{j) 

JG JAJA 

(3.12) = / 6(7) / g;*f^{a) d^I{a)dXu{l). 

JG J A 

Using the definition of /i, this equals 

= / b{^){TTig;^f^)h\h) dA„(7) 

JG 

= f h{^){'K{f,)h I 'K{g^)h) dA„(7). 

JG 

Replacing 5 by / we get 

{iT{{fJ)A)h\h)^ I b{^){n{f,)h\iT{f,)h) dXuil) 

JG 

= [ 6(7)A(/i)-i/2(;r(^)/i I ^{f^)h) dXulj) > 

JG 
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for all TT E A and ^ E TL-n- This completes the proof. □ 

With this lemma, we see from ^| Lemma 2.16] that Cc(G„) is a pre-Hilbert 
C*(^)-mociule. We now want to show that Cc(G) acts on the right of this module 
as adjointable operators. In order to do that, we need Lemma lXBl below. The proof 
to this lemma requires we use Renault's Disintegration theorem. The corresponding 
lemma in [101 Proposition 2.2] does not require this difficult theorem. However, in 
removing the assumption the isotropy groups be abelian, the modular function that 
is introduced causes the argument in jlUl Propsotion 2.2] to be invalid. 

The specific portion of Renault's Disintegration Theorem, which is found in 
Thoerem 3.23], is that a representation of Cc{G) on a pre-Hilbert space Ho extends 
uniquely to a bounded operator of Cc{G) on the Hilbert space completion of Hq, 

n. 

Lemma 3.5. The inequality 

(3.13) {f *gj *g)A < \\f\\c'{G){9,9)A, 

holds for all f G Cc{Gu) and g G Cc{G). 

Proof. We know from the previous lemma that (/, /, )a > in G*{A). Thus, given 
any state p in C*{A), 

{I\9)p ■■=p{{9J)a) 
defines a pre- inner product on Gc{G). The quotient Tio = Cc{G)/N where 

N:^ {f EG,{Gu)\p{{fJ)A)=0} 

is a dense subspace of the Hilbert space completion of Hq with respect to {■\-)p. Now 
define a a homomorphism L from Gc{G) into the algebra of linear transformations 
on Hq by L{f)g = f * g. We will show that L satisfies conditions (a)-(c) of 
Theorem 3.32]. 

(a) The span of 

{L{f)g = f*g\fe G,{G),g G a(G„)} 

is dense in Gc{Gu)- This follows from the existence of an approximate 
identity [H Corollary 2.11]. 

(b) For each g,h E Cc(G„), the functional Lgj^ : Cc{G) — > C defined by the 
equation 

Lg^h{f) = {g\L{f)h)p^{g\f*h)p 

is continuous with respect to the inductive limit topology on Gc{G) because 
the inner product is just a compositions of continuous functions. Specif- 
ically, the function p, convolution, the modular function, and p arc all 
continuous. 

(c) For all / G Gc(G), and for all g,hE Gc{Gu), 

{g\L{f*)h) = {g\f* * h) 
^{f*9\h) 
= {L{f)9\h) 

as needed. 
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Invoking ^ Theroem 3.23], we know that L is a representation of Cc(G) on H. 
Now we can use ^2 3.3.7] to get 

if *9\.f *9)p < ll/llc*(G)(5l5)p or 
p{{f*9J*g)A) < \\f\\c'{G)P{{9,9)A) 

for all states p. Thus 

if *9,f *9)a < \\f\\c'{G){9,9)A 
inC*(A). □ 

Lemma 3.6. The space CdG) acts on the right of the pre-Hilhert C*{A)-module 
Cc{Gu) CIS adjointable operators. 

Proof. It sufhces to show that 

{.f '^h,g)A = (/, h* *g)A 
for / e Cc{G) and 5, /i G Cc(G„). This equation is fairly obvious. Notice that 

{h*f,9}A ^p{{f -^h)* *g) 
^p{h* * f* *g) 

= p{h**{r*9)) 
= {hJ**g)A 

□ 

Now given a representation, tt of C* (A) on Htt 

(3.14) {f<S>^,9'S>v)^{7r{{g,f)A)av)n„ 

defines a pre-inner product on Cc{Gu) ® Htt on which Cc(G) acts by bounded 
operators via convolution by jl2. Proposition 2.66]. 

4. Defining 

Definition 4.1. Suppose that for u G G^, A is a subgroup of G", and tt is a repre- 
sentation oi A on Ti.Tr. Then we define the representation Ind(u, A, tt) on the Hilbert 
space completion of Cc{Gu) ® Ti-Tr with respect to the inner product determined in 
13.141 according to |12[ Proposition 2.66] by: 

(4.1) IndKA,^)(/)[5®e] [./*5®C]- 

Now we will define 

r :=Ind(u,G::,l) 

where 1 is the trivial representation of G^'. We will identify the Hilbert space that 
acts upon as the Hilbert space completion of Gc(G„) with respect to the inner 
product 

(/l5)n= / 5**/(a)A(a)-i/2 d/3(a). 
Jg^^ 

Thus 

l^{f)9^f*9- 
Lemma 4.2. Each /" is an irreducible representation. 
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Proof. Following the proof of Lemma 2.5], we will show that ^" is irreducible, 
by showing that I" is equivalent to a representation we will call i?" and that i?" is 
irreducible. 

Recall that is a representation on 7i„ which is the Hilbert space completion 
of Cc{Gu) with respect to the inner product 

{f\g)u^ I g* * f{a)Aia)-'/^ dp^{a). 

Let Vu = L'^{Gu/A,a") where cr" is the the measure found in Lemma f3. HI Recall 
that Vu is a Hilbert space with respect to the inner product 



{tOu= / e(7)C(7) da^ij). 

JG^JA^ 

Consider the map [/" : 7i„ — ^ V,j defined by 
where p is defined in Equation H3.4|) . Notice that 

.9(7-ia-i)/(7-i) dA"(7)A(a)-i/2d/3"(a) 



A„ JG 

(4.2) = / / 5(70/(7) dA„(7)A(a)-i/2d/3"(a). 

Ja^ JG 

Now we can map a ^ and introduce /3(7)^^/o(7) = 1 to see that (|4.2|l is equal 
to 

' 5(7^/(7)p(7)-V(7) dA„(7)A(a)-i/2^/3"(a) 

A„ JG 

(4.3) = / / / 5(7^/(76)^(7^)"' d/3(6)da(7)A(a)-i/2rf/3"(a). 

JA„ jgm„ Ja„ 

Multiplying a on the left by 6~^, using Fubini's Theorem, and equation (|3.5|l we 
get ()4.3|l equal to 

5(7^/(76)p(7)"'A(6)-iA(6^ia)-i/2 d/3(a)d/3(&)da(7) 

G/A„ JA„ JA„ 

( / ^A(a)-V2p(^)-i/2 /■ /(75)p(7)-V2A(6)-V2 ^^3(5)) 

G/A„ JA„ JA„ 



t^n(ff)(7)t/n(/)(7) da(7) = ([/„(/), C/„(g))„. 

G/A„ 

This means that [/" is an isometry. To see that [/" is surjective, let ^ g L2(G'„/A, cr^ 
We define a function, ^ G Cc{Gu) with the formula 

?"(7)=p(7)'/'%)?(7) 
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where b is the function defined in Lemma rOl Now we see that U"(S,(j))^ thus 
is surjective making it a unitary operator. We use U" to intertwine I" with the 
operator T" defined below. 

Jg 

where £, €Vu- To see this, notice 

r"(/)C/"5(7) - / filV) I 9{v-'a)pija)-'/' df3-{a)d{X^{^) 

JG JA^ 

Jg Ja^ 

for / G Cc(G) and g G Cc(G„) and j £ Gu- On the other hand, 
t^"?"(/)5(7) = C/n/*5)(7) 

= / /*5(7a)p(7a)-^/' d/3"(a) 
Ja^ 

= 11 fha^)9iv-')piia)-'^^ dX"{r,)df3-ia). 
Ja^ Jg 

Using Fubini's theorem and multiphng t] on the left by a^^ we get 

U^l'\f)9il) =11 f{iv)9{r'ci)p{ia)-''^ d/3"(a)dA"(ry) 
Jg Ja^ 

as needed. 

We know from ^ Corollary 3.2. f] that Gu is an analytic Borel space. There- 
fore from U Theorem 3.4.1], there is a Borel cross section c for the natural map 
from Gu to Gu/A^- Now define an operator, 14^" : V„ L^(G„/v4,u, cr") by 
W"{f){j) = f(c{j)). Wc claim that is a unitary operator. To see this, notice 
that W*(0(7) = ^(7) for C e ^'(G JA„, a"). 

The point here is that now we have a unitary to intertwine T" with the repre- 
sentation, M" on L^(G„/A„, cr") given by: 

M^fm) = [ fiTr'm) d\u{7i). 

Jg 

In showing this equivalence, we use the assumption that functions in Vu are constant 
on orbits. Now we know T" is unitarily equivalent to M" thus I" is unitarily 
equivalent to Af". 

Again, since G„ is second countable, the restriction of r defines a Borel isomor- 
phism of Gu/Au with [u]. We let cr" — r^{a*) so that 

/ q^{v) = / 0(r(7)) da" (7). 

J Jg^/Au 

Then M" is equivalent to the representation i?" on L^([u], ct^) given by 

Jg 

If we let V — r(7) this becomes 

(4.4) i?«(/)e(r(7)) = / fiv-'mrivi)) dXri^)M. 

Jg 
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Now let be the representation of Cq{G^) on cr") given by 

where v e e Co(G"), and ^ G L^{[u],c7^). 

Suppose • /(7) = 0(r(7))/(7) for e Cc(G") and / e Cc(G). Notice that 
. /) = Ar"(0)i?"(/). We will now show that i?" is irreducible. It suffices to 
show that 

i?"(C'*(G))' = C/. 

Note that i?"(G* (G))' is a von Neumann algebra. We will consider any projection 
of B{L'^{[u], cr") that commutes with R'^{C*{G)). If we can show that this projection 
is either or 1 we are done. A projection is sufficient because of 4.1.11]. 

Notice that any projection commuting with i?"(G*(G)) must also commute with 
iV"(Go(G°))". By P Theorem 2.2.1], we know that 

iV"(Go(G*'))" ^i°°(G°,0. 

Therefore any projection commuting with i?"(G*(G)) must be of the form A^"((/)) 
with (f) = 1e and E C [u] because supp cr" £ [u] . We will show that E is either the 
empty set or all of [u] . 

Since N'^{(f) commutes with R^{f) we have 

N'\4,)R^{mv) = R^{f)N^{4,)i{v) 

JG JG 

for cr"-almost every w, ^ £ L^([u],(t", and all / e Cc{G). Thus for some v G [m], 
(j){v) = 4>{r{7])) Ai,-almost every 77 e Gy. This means that is constant (a.e.) on [u]. 
Thus, E is empty or all of [u] and i?" is irreducible and hence /" is irreducible. □ 

We have now verified that /" is indeed an element of G*(G)^. 

5. The Continuous Injection 

Define a map w : G7G ^ G*(G)^ so that u /" where = f * g as 

defined above. We are being sloppy with our notation. We actually are viewing 
as [/"], the unitary equivalence class of Z". 

Lemma 5.1. The map lu defined above is well-defined. 

Proofi Suppose [u] — [v]. Thus there exists 7 G G such that 5(7) = v and r{^) — u. 

We want to show is unitarily equivalent to Notice that a t-^ 7a7~^ is an 
isomorphism from G% to G". Also notice the map 

</)H. / ^(707- 1) dp- {a) 

JA^ 

defines a Haar measure on G" for all cj) G Gc(GJJ). This Haar measure may not 
equal However, there is a constant 2(7) such that 2(7) > and 

/ 0(a) d/3"(a) = z(7) / 0(7^7^') d/3"(a). 

J A^ J A^, 

Now define q-.TLu-^Hyhy q{g){h) = 2(7)1/2^(67-1) for g G Gc(G„) and 6 G G«. 
We claim that g is a unitary. We must be careful in our computations in order to 
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distinguish the * operation in Cc[Gu) from that in Cc(G^). For g,h ^ Cc{Gu), 
consider 

{q{9Mh))v = / qig)* * q{h){a){a) dp%a) 

= I I q{gT{x)q{h){x-^a) dA'^(°)(a;)A(a)-i/2 d/3"(a) 

JGl Jg 

= I 2(7) / g{x-^-i-^)h{x-^a-i-^) dA''(°)(x)A(a)-i/2 dp^a). 
Jgi Jg 

= I -2(7) / 5*(7a;)/i(x-ia7-i) dA'-('^)(x)A(a)-i/2 d/3"(a). 
Jgi Jg 

We can multiply x on the left by 7^^ and get 

= / ^(7) / g*{x)h{x-^-ia-f~^) dy^''Hx)/:^{a)-^''^ dP"{a) 
Jgi Jg 

= / 2(7) / g*{x)h{x^^jaj-^)A{a)-^/^ df]'' {a)dX'^''\x) 
Jg Jgi 

= I <l) I .9*(a;)/i(x-Sa7"')A(7)'/'A(7)-i/2^(a)-i/' d/3"(a)dA''(") (x) 
Jg Jgi 

= / / 5*(x)/i(a:-ia)A(a)-i/2 (i/3"(a)dA'^(") (.x) 
Jg Jg^^ 

= / / g*{x)h{x-^a) dA''('^)(a;)A(a)-i/2 d/3"(a) 
^G;; Jg 

= / 5* * /i(a)A(a)-i/2 d/3"(a) 

This means that q is isometric. Clearly q is surjective, making q a unitary as 
claimed. Suppose that g £ Cc{Gu) and / G Cc(G), then 

q{l^{f)g)h^z{-lYm^{f)g{h^-') 

= / z(7)^/^f(.T)g(x-i67-') d\-{x) 

JG 

= I f{x)q{g){x-H) d\^{x) 
JG 

= f*q{gm 
= r{f){q{9))b; 

therefore, is unitarily equivalent to P. □ 

Before proving that our map is continuous, we need the following lemma which 
is a standard result taken from Theorem 5.9] and TB', Proposition 6.26]. 

Lemma 5.2. Suppose that u £ , that A and B are subgroups of G^ with A <Z B, 
and that n and p are representations of A. 

(1) Ind(M,A, tt) is unitarily equivalent to Ind(M, i?, Ind^(7r)), and 
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(2) if TT weakly contains p, the Ind(w,yl, tt) weakly contains lnd{u, A, p). 

Recall that we can endow the space of subgroups of G with the compact topology 
described by Fell in 4 . We will denote this space by S. Thus we can view a 
subgroup A of as an element of E. Now, we can fix Haar measures on each 
subgroup A in S such that the map 

A^ ( J dp^ 

J A 

is continuous for each / £ Cc{G). This is a result of |15[ Lemma 1.6]. For the sake 
of simplicity, we will write for Z?*^" . 

Lemma 5.3. Suppose that G is a groupoid where the isotropy groups are amenable. 
Then the map uj : G^ /G — > C*(G')^ is continuous. 

Proof. It suffices to show that if ^ and if converges to u, then, even- 

tually /""(/) 7^ 0. If the assertion fails, then it fails for some / S Cc{G). Since S 
is compact, we can pass to a subsequence, relabel and assume that G^^ converges 
to G e S. Note that G C G". Passing to yet another subsequence and relabeling, 
we can also assume that (/) = for all n. 

It follows from our choice of Haar measures that, for each g, h E Cc{Gu), 

[ A(a)-i/2/i* * / * g{a) d/3''" (a) converges to / A{a)-'^/'^h* * f* g{a) dp^ (a) 
which means 

(r"'(/)(g)|/i)„ converges to (Ind(M, G, l)(/)(<?)|/i)„. 

Therefore Ind(M, G, !)(/) = 0. By Lemma Impart 1, Ind(u, G^, Ind^" (!))(/) = 
0. Because we assume that the isotropy groups are amenable, from [7| Theorem 5.1], 
we know that Ind,^" (1) is weakly contained in the trivial representation of G". Thus 
part 2 of Lemma implies that Ind(u, GJ^, 1)(/) = P = as desired. □ 

Lemma 5.4. The map lo is injective. 

Proof Suppose lu{[u]) ^ uj{[v]). That is that [l"] = [P] where u,v £ G°. We must 
show that [u] — [v] . 

We know there exists a unitary representation W that intertwines and P. 
That means that Wl'^ = l'"W. Recall from the proof of Lemma 14.21 we found 
representations i?" and K" and representation iV" and iV" so that when /" is 
unitarily equivalent to P then i?" is unitarily equivalent to which means that 
A'"" is unitarily equivalent to iV". Thus we know that [u] = [v]. □ 

6. Main Theorem 

Now we have the continuous injection we need to prove the main result. 

Theorem 6.1. Suppose G is groupoid in which all of the isotropy groups are 
amenable. Then G*{G) is OCR if and only if G° /G is Ti and each of the isotropy 
groups are OCR. 

Proof Suppose G*(G) is CCR. This means that points of G*(G)^ are closed. Be- 
cause we have a continuous injection between G°/G and G*(G)^, we know points 
of G°/G are also closed. Thus G°/G is Ti. 
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We know that every representation of C* (G) factors through C* {G\j^) — C* (G| [„] ) 
for some u E from [3 CoroUary 3.5]. But C*(G|[u]) is a transitive groupoid thus 
C*(G|[„]) = C*(G^) (g) fsT IHl Theorem 3.1]. This means that any representation of 
C*(GJ^) hfts to a representation of a CCR algebra, namely G*(G). Since the lifted 
representation is onto the compact operators, so must the original have been. That 
is, each of the isotropy groups are CCR. 

Now, conversely, suppose G°/G is Ti and isotropy groups are CCR. Again, we 
know from [2| Corollary 3.5] that every representation L of C*{G) factors through 
C*(G|j^) = G*(G|[„]) for some u € G° and that G*(G|[„]) ^ C*{Gl) (g) if by 
Theorem 3.1]. This is CCR because G*(GJ^) is assumed to be CCR. This means that 
L is lifted from a representation of a CCR G*-algebra making L a representation 
onto the compact operators. That is, G* (G) is CCR. 

□ 

7. GCR Result 

Theorem 7.1. Suppose G is groupoid in which all of the isotropy groups are 
amenable, then C*{G) is GCR if and only if G'^/G is Tq and all of the isotropy 
groups are GCR. 

Proof Suppose G*(G) is GCR. This means that G*(G)'' is Tq. Since there is a 
continuous injection from the orbit space to the spectrum, the orbit space must 
also be Tq. 

From 2 , Proposition 5.1] , we know that every irreducible representation of G* (G) 
is the canonical extension of a representation of G*(G[/^\t/^_j) where Ua \ Ua-i is 
Hausdorff. Following the proof in the CCR case, we know that every representation 
of G*{Gu^\{j^_J factors through G*(G1|^) = G*(G|[„]) for some u e Ua \ Ua-i 
and that G* (GJ [„] ) = G* (G^) if by Theorem 3. 1] . Now if we consider a repre- 
sentation / of G*(G^) for any u € G°, it lifts to a representation of G* (G(7^\t/^_ J 
which can be extened canonically to G*(G). Since the later is GCR, then so is I. 

Conversely, suppose that G^/G is Tq and the isotropy groups are GCR. Once 
again, we know that every irreducible representation L of G*{G) is the canon- 
ical extension of a representation of G*(Gc/^\(7^_ J where Ua \ Ua~i is Haus- 
dorff. Also, we know that every representation of C*{Gu^\ij^_^) factors through 
G*{G\j^) = G*(G1[„]) for some w e (7„ \ U^-i and that G*(G|[„]) = C*{Gl) (g) K 
by la Theorem 3.1]. Since G*(G^) is assumed to be GCR, then G*(G) must also 
be GCR. 

□ 

This research was done as part of the author's Ph.D. thesis under the direction 
of Dana P. Williams. Thank you to Dana for his continued support. 
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